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Abstract: The increasing interest in early childhood mathematics education for decades has increased
the need for empirically supported pedagogical strategies. However, there is little agreement on how
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teaching practices to student outcomes, backgrounds and characteristics of students, differ-
ent ways students engage and process what teachers present, and so on. Although these
have all contributed to knowledge, they generally have not found practically meaningful
links between specific teacher actions and student learning outcomes, e.g., [41–43] and
analyses from the complex array of variables across these types of studies similarly provide
little guidance. What can guide teaching? Understanding how to provide adequate high-
quality educative experiences to achieve mathematical learning goals (which may stem
from standards, or from recognition of a child’s interests and needs). Thus, teachers can
consistently focus on creating research-based, empirically validated Sustained Learning Op-
portunities (SLO) [44]. Educators develop and plan fecund instructional tasks and patterns
of interactions, realized by teachers and children collaboratively so they are meaningful to
all. These are based on teachers’ understanding of students’ levels of thinking and their
development across SLOs, progressing toward the educational goal [5,39]. Students’ intel-
lectual work occurs within the triarchic interaction of teachers, students, and mathematics
content and activities.

Finally, as useful as these findings are, they are general teaching strategies. High-
quality teaching also depends on knowledge of content, how children think and learn
about that content, and how specifically to teach that content for each important topic
in early math [39,45–54]. This applies to intentional teaching, and perhaps more so to
child-initiated contexts such as play, so as to fully understand how to support children’s
creative math thinking and learning [5,39,55]. We ground our interpretations within our
theory of Hierarchical Interactionalism, a synthesis of empiricist, nativist, and especially
constructivist theories, that emphasizes these three knowledge domains [40,56].

3. Children’s Learning with Different Approaches to Teaching

As one of the most complex human enterprises, teaching is difficult to define and
study. Here, we define the teaching of math as intentional interactions among children
and teachers around mathematics content using deliberately arranged environments, con-
texts, and tasks, all designed to promote children’s learning of increasingly powerful and
sophisticated math competencies and positive dispositions. Those goals—competencies
and dispositions—lead to our first issue.

3.1. General Teaching Approaches for Different Goals

When not recognized, differences in these goals can lead us to believe that research is
contradictory when it is not because different pedagogical approaches can be effective for
different goals [41]. For example, when learning skills, or targeting instrumental under-
standing (rules without reasons) [57], is the primary goal, certain teaching strategies, such
as whole group organization, clear directions and explanations with modeling, fast pacing,
emphasis on mastery, and careful review are effective [58–62
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learning goal, ensuring children have a degree of choice and agency, and using their
understanding of children’s thinking and interests to choose strategies, such as open-ended
questions, hints, prompts, and modeling [91,100].

Finally, a playful but intentional teaching approach is more effective in promoting
math learning than laissez-fair approaches or teaching based only on “teachable mo-
ments” [55,89,101–103], including in free play contexts, such as the block center [88,104]. This
is especially true for children with disabilities [105]. Later sections address intentional teaching.

Unsurprisingly, these issues and suggestions mirror similar findings in the debates on
discovery learning, in which unguided discovery is more effective than guided discovery
teaching [60,106–108] and better at developing concepts that direct instruction alone [109].

However, even direct instruction can play an important role in a multidimensional
pedagogical toolkit, especially at appropriate junctures with discovery- or inquiry-based
learning contexts [109,110]. As a simple example, direct instruction is necessary and
efficient for Piaget’s social-arbitrary knowledge, such as spelling “four”, writing “4” or
other mathematical symbols, conventions, or simple procedures. Physical knowledge
is learned by activity on objects. In contrast, logical-mathematics knowledge is learned
from thinking about one’s actions on the objects [111]. Intentional, playful experiences
and guided discovery approaches develop deep understanding and transfer needed for
relational understanding in all math topics [39,112]. Strategies from the pedagogical toolkit
are best deployed depending on the content, context, and children. For example, children
who explore math ideas playfully before intentional instruction use a greater variety of
strategies and attend to the features of problems more than those instructed first [113].

In summary, those teaching for relational understanding view children as active
learners who initiate explorations of and interactions with the surrounding world and
both adults and peers [26,33,114–121]. They avoid a preponderance of passive “reception”
of knowledge, understanding that children construct knowledge from a wide variety of
experiences [122], including direct instruction when it contributes to their learning. Such
experiences support learning and development and minimize wasted time in passive
experiences such as waiting [123]. Teachers support learning by using an equity lens
to watch and listen to children and the way they express their ideas [76]. By observing,
interacting, and being reflective, they base interactions and activities on children’s thinking
and learning [114,120]. In these ways, they promote joyful, engaged learning for all
children [124] from birth (we recognize that space limitations did not allow addressing
infants and toddlers) [33], we recognize that space limitations did not allow addressing
infants and toddlers.

3.3. Intentional Teaching and the Central Role of Children’s Thinking and Learning

A critical feature of teaching approaches that develop relational thinking is that they
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actions and strategies to solve the problem are represented. There is reflection on whether
the problem is solved, or partially solved, which leads to new understandings (mental
actions and objects, organized into strategies and structures) and actions [54]. Specific
learning trajectories are the main bridge that connect the “grand theory” of Hierarchic
Interactionalism [40] to particular theories and educational practice.

All three components of a LT can be misunderstood. Table 1 addresses misunderstand-
ings and myths to make the theory and its application clear.

Table 1. Myths and Understandings of Learning Trajectories.

Component Misunderstanding/Myths True Learning Trajectories

Goal Narrow behavioral objective

“Big ideas and proficiencies, central
and coherent, consistent with
children’s thinking, and generative of
future learning.
Math practices and investigations [33]
Positive dispositions

Developmental
Progression (DP)

Rigid sequence of skills in
“small steps”

Broad levels of learning; patterns of
thinking including concepts and
structures [31,54], skills, practices, etc.

Instructional Activities Rote-skill based or Generic

Connected to each level of the
DP–concepts, skills, and
problem solving.
Designed to promote thinking at that
level–the actions-on-objects (often
right in the activity—unitizing,
composing, etc.)

Learning Trajectories
Break down skills into
sequences, all followed in
lock step

Building up children from and
through their natural ways of
thinking (asset-based) [32].

The LT approach has been research validated in multiple studies for a wide variety
of math topics [32,92,127–135]. In most, teachers used all the strategies in the previously
described multidimensional pedagogical toolkit. Further, they combined brief, active,
whole-group sessions, individual work (sometimes using educational technology), inci-
dental learning throughout the day, and small-group sessions. The last was especially
important due to the personal involvement and close interactions, supporting their under-
standing and use of children’s thinking to differentiate instruction. Such formative assessment
is one of the most strongly empirically supported teaching approaches [67,136,137]. Forma-
tive assessment is the ongoing understanding of children’s thinking and learning to inform
and adapt instruction for groups and individuals. However, formative assessment is not
useful if teaching is not adapted based on that understanding [67,138]. Effective teachers
ask and answer the following questions: what do children need to learn, where are children
now, and how do I help them progress? [137]. Importantly, these questions align with the
three components of LTs: goal, developmental progression, and linked teaching activities
and strategies. This may be why LTs support and contribute to teachers’ professional
development and teaching prowess [139–141] and children’s learning [92,127,133,142,143].

Considering the validating studies cited, it is important to note that many have in-
volved a specific curriculum, so that the LTs may have been confounded by other differences
between the compared groups. Therefore, studies that rigorously compared LT-based in-
struction to the same instruction without a critical aspect of LTs address their specific
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In summary, teachers who know how to use the three components of a learning trajec-
tory are more effective in supporting children’s learning [150]. Without such knowledge,
teachers of young children might offer tasks that are either too easy or too hard for children,
and this mismatch may limit children’s learning [39,151]. Playful, meaningful, content-rich
education based on learning trajectories benefits all children. Indeed, it is especially im-
portant for children with disabilities (CWD) [152]. CWD might operate at levels different
from their peers and quite different levels in one topic (say, counting) than others (such
as geometry). Learning trajectories offer different ways to introduce math topics, such
as arithmetic (e.g., counting, subitizing, or partitioning), so children can build on their
individual strengths. Learning trajectories’ levels are clusters of ideas and processes, not
just skills. So, children can both learn and show competence using a variety of modalities
and representations. Finally, learning trajectories can be aligned with formative assessment
and the Individualized Education Program (IEP) or the Individualized Family Service
Plan (IFSP) process. For all children with disabilities or math difficulties, tiered support is
important and validated as effective [153,154].

The remainder of this section consists of brief reviews of specific teaching strategies
for relational understanding. We start with additional research on formative assessment.

3.4. Formative Assessment

Formative assessment, the ongoing monitoring of student learning to inform instruc-
tion, was mentioned previously. Of the 10 instructional practices the National Mathematics
Advisory Panel (NMAP) researched, only a few had an adequate number of rigorous stud-
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Challenging non-examples of shapes can be paired with an example, such as a triangle next
to a visually-similar quadrilateral with one short side [39].

A study of examples in arithmetic found that second-grade children notice structure
by analyzing worked examples, and they try to make sense of them based on prior knowl-
edge [191]. Therefore, the first worked example contrast is important as it confirms or
challenges their prior understanding. For example, using contrasting cases, such as having
students compare the problem 5 � 3 = 2 with 3 � 5 = �2, can help them notice important
features. Another study confirms the benefits of teachers asking children to compare and
contrast ways of reasoning used on problems of different problem types to evoke different
strategies [50]. Children then see and understand features of each problem that made one
way of reasoning easier for solving one problem type than another. Such comparisons
develop better problem solving and flexible mathematical thinking [50].

3.9. “Concrete” Manipulatives for “Abstract” Ideas

Teachers often move from “concrete” (e.g., using manipulatives) to “abstract” expe-
riences for children. Although generally research supports this sequence, there are some
critical nuances [125,192]. As an example of a study validating the approach, second
graders randomly assigned to be taught with manipulatives achieved and retained sig-
nificantly more on a place value comprehension test than students assigned to be taught
by conventional methods using algorithmic procedures and drill and practice [193]. In
addition, a case study of third graders with disabilities showed a relationship between the
sequence and a place value assessment, including generalization to new tasks [194]. For
example, just providing connecting cubes increased the math scores of second graders [195].

However, manipulatives do not guarantee success. Students taught multiplication
emphasizing understanding performed well whether they used manipulatives or sym-
bols [196,197]. Further, the students randomly assigned to be taught with symbols scored
higher on an immediate transfer test involving different factors [198]. Manipulatives do
not “carry” mathematical ideas. They may help in teaching concretely at first, but only if such
concrete teaching emphasizes quantitative or spatial ideas.

Why might concrete manipulatives help? The answer has an interesting twist. Many
would say that because they are physical objects that students can grasp with their hands,
this sensory characteristic makes manipulatives “real”, connected with one’s intuitively
meaningful personal self, and therefore helpful. However, concepts cannot be “read off”
manipulatives. Expert teacher John Holt said that he and his fellow teacher “were excited
about the [Cuisenaire] rods because we could see strong connections between the world of
rods and the world of numbers. We therefore assumed that children, looking at the rods
and doing things with them, could see how the world of numbers and numerical operations
worked. The trouble with this theory is that [my colleague] and I already knew how the
numbers worked. We could say, ‘Oh, the rods behaved just the way numbers do’. But if
we hadn’t known how numbers behaved, would looking at the rods enable us to find out?
Maybe so, maybe not” (Holt 1982, pp. 138–139). That is, the physical objects may be manip-
ulated without the concepts being illuminated. Concrete materials may help students build
meaning, but the students must reflect on their actions with manipulatives. Said in another
way, “understanding does not travel through the fingertips and up the arm”. [199] (p. 47).
They need teachers to reflect on their students’ representations for mathematical ideas and
help them develop increasingly sophisticated and mathematical representations.

Children have Sensory-Concrete knowledge when they need to use sensory material
to make sense of an idea [197,200]. For example, very young children need to count
objects they can see to count meaningfully [39]. Later, teachers can help them develop
Integrated-Concrete knowledge that connects concrete experiences to more abstract math
concepts. There is a shift in what the adjective “concrete” describes. Sensory-Concrete
refers to knowledge that demands the support of concrete objects and students’ knowledge
of manipulating these objects. Integrated-Concrete refers to knowledge that is concrete at
a higher level because it is connected to other knowledge, both physical knowledge that
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has been abstracted and thus distanced from concrete objects and abstract knowledge of a
variety of types.

Multiple studies have shown the benefit of supporting children in progressing from
Sensory-Concrete to Integrated-Concrete cognition [192,200,201]. Usually, teachers first de-
velop children’s Sensory-Concrete implicit levels of thinking, at which perceptual supports
are necessary and fundamental, and reasoning may be restricted to limited cases. Then
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3.10. Practice

Research shows that teaching for relational understanding also develops skills. That
does not mean young children do not need practice [214]. Fortunately, research offers
clear guidelines. Rather than substantial time spent on drill, repeated experiences with
many contexts and different types of activities support generalization and transfer [40,215].
Moreover, distributed, spaced practice is better than massed (all in one session, repetition of
the same item repeatedly) practice [216,217]. Unfortunately, such practice is hotly debated.

Contrary to those who believe practice has no role and the so-called “science of math”
movement that promotes memorization through drill without caveats, practice should be
used at the correct developmental juncture and to the appropriate degree [218]. Because
competencies in subitizing, counting, and arithmetic combinations support math thinking
and learning throughout life, short, frequent practice sessions of facts and skills whose
conceptual foundations have been well learned and understood are recommended. Finally, a
classic conceptualization describes three levels of practice: the level of drill, application, or
problem solving [219]. Practice at the problem-solving level teaches all the competencies
of relational understanding. Meaningful practice develops more abilities and superior
skills [181].

3.11. Affect, Motivation, and Engagement

Recall that productive disposition was one of the goals of relational understanding:
a consistent view of math as sensible, useful, and worthwhile and of oneself as capable
and engaged [63]. Contrary to this goal, one US cultural belief is that math achievement
depends mostly on native aptitude or ability. In contrast, people from other countries,
such as Japan, believe that achievement comes from effort [220]. Even more disturbing,
research shows that the US belief hurts children and is not valid. Students who believe—or
are helped to understand—that they can learn if they try to work on tasks longer and
achieve better throughout their school careers than students who believe that one either
“has it” (or “gets it”) or does not [221]. This view often leads to failure, anxiety, and
“learned helplessness” [221,222]. Similarly, students who have mastery-oriented goals (i.e.,
students who try to learn and see the point of school to develop knowledge and skills)
achieve more than students whose goals are directed toward high grades or outperforming
others [67,223].

Children’s math anxiety predicts future math achievement over and above cognitive
math ability, especially tackling challenging problems [224]. This adverse effect may be
through children’s visuospatial system [225]. Surprisingly, children with high achievement
and high working memory may avoid using more advanced solution strategies due to math
anxiety [226]. Unsurprisingly, most of these mirror the pedagogical strategies discussed
previously, but the point here is that these have also been identified as improving children’s
attitudes and beliefs about math.

Fortunately, most young children have positive feelings about math and are motivated
to explore numbers and shapes [223]. However, after only a couple of years in typical
schools, they begin to believe that “only some people have the ability to do math”. Children
who experience math as a sense-making activity will build positive feelings about math
throughout their school careers.

Teachers can help by providing meaningful tasks that make sense to students and
connect with their everyday interests and lives. The right degree of challenge and novelty
can promote interest, and promoting and discussing skill improvement can promote a
mastery orientation. For example, researchers have estimated that students should be
successful about 70% of the time to maximize motivation [223].

A common core of characteristics of learning environments enhances students’ atti-
tudes and beliefs about mathematics [227–233].

� Use problems that have meaning for children (both practical and mathematical). (Note
that even instruction that increases, for example, memorization via drill in the short
run, may damage children’s motivation.)
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� Expect that children will invent, explain, and critique their solution strategies within a
social context.

� Provide opportunities for creative invention and practice and promote inquiry [234].
� Use manipulatives [195,235].
� Use technology [235–237].
� Encourage and support children progressing toward increasingly sophisticated and
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Teachers held high standards for children’s academic work but provided tools and strategies
for students who needed extra support to reach proficiency.

Building upon Ladson-Billings and others’ work, Gay [257] defined Culturally Re-
sponsive Teaching (CRT) with eight descriptors: validating, comprehensive and inclusive,
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cation of music could be used in math, e.g., patterning, [92,262] and related fields such as
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stance towards the children in [their] classroom[s]” (p. 224) including examining their
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students to move from passive recipients of knowledge to active learners and mentors who
are developing confidence and self-efficacy.

Early childhood educators can also invite parents and caregivers to the classroom to
serve as experts and capitalize on funds of knowledge in the community [277]. Parents and
caregivers can teach skills, crafts, lead culturally specific activities, read books, and support
math instruction.

4.6. Learning about How Math Is Taught in Other Cultures and Countries

Teachers who do not engage in culturally responsive mathematics education may hold
the belief that mathematics is culturally neutral [278]. Teacher education and professional
development sessions should work to deconstruct teachers’ views that may include “beliefs
about mathematics as a culturally-neutral subject, as universal truth, as a non-reasoning
system, and, as an exclusively European and Western discipline” [278] (p. 51). By learning
about the differences in how mathematics is taught and learned in countries and cultures
around the world, early childhood educators can understand and appreciate differences in
students’ thinking and provide students with multiple strategies to approach their learning
of mathematics.

An alternative teaching strategy that was used by early childhood educators in India
involved having the children use their fingers to count in ways different from other cul-
tures [279]. Children begin with the fingers of one hand, then the fingers of both hands,
and then extended to using the joints and finger lines of both hands for a total count of
40. If students or their families have recently immigrated, early childhood educators can
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further experience” [283] (p. 25). For example, mis-educative experiences resulting from
inappropriate direct teaching may decrease sensitivity to the wide range of applications of
math ideas or develop automatic skills but narrow the range of other experiences with the
idea underlying the skill. Conversely, child-centered education that rejects the structures or
sequencing of subject matter content may be so disconnected as to limit later integrative
experiences. As Dewey said, “Just because traditional education was a matter of routine in
which the plans and programs were handed down from the past, it does not follow that
progressive education is a matter of planless improvisation” (p. 28).

Regardless of instructional approach or strategy, educators must remember that young
children’s ideas can be uniquely different from those of adults [31,39,284,285]. Early
childhood teachers must be careful not to assume that children “see” situations, problems,
or solutions as adults do. Based on their interpretations of children’s thinking, teachers
conjecture what the child might be able to learn or abstract from his or her experiences.
Similarly, when interacting with the child, they also consider their own actions from the
child’s point of view. This makes early childhood teaching both demanding and rewarding.
Such sensitivity, however, is necessary to fully benefit from this chapter’s pedagogical
suggestions, especially the core contention of the central role of children’s thinking and
learning, as well as the use of formative assessment, and a variety of teaching strategies
at each particular phase of learning. Knowledge of developmental paths in learning
trajectories can enhance teachers’ understanding of children’s thinking, helping teachers
assess children’s level of understanding and offer instructional activities at the next level
and thus offer meaningful and joyful opportunities to engage in learning.
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Çalışmaları Derg. 2020, 4, 833–857. [CrossRef]

243. Susperreguy, M.I.; Douglas, H.; Xu, C.; Molina-Rojas, N.; LeFevre, J.-A. Expanding the Home Numeracy Model to Chilean
children: Relations among parental expectations, attitudes, activities, and children’s mathematical outcomes. Early Child. Res. Q.
2020, 50, 16–28. [CrossRef]

244. Vasilyeva, M.; Laski, E.; Veraksa, A.; Weber, L.; Bukhalenkova, D. Distinct pathways from parental beliefs and practices to
children’s numeric skills. J. Cogn. Dev. 2018, 19, 345–366. [CrossRef]

245. Levine, S.C.; Gibson, D.J.; Berkowitz, T. Mathematical development in the early home environment. In Cognitive Foundations
for Improving Mathematical Learning; Geary, D.C., Berch, D.B., Koepke, K.M., Eds.; Academic Press: San Diego, CA, USA, 2019;
Volume 5, pp. 107–142.

246. Eason, S.H.; Nelson, A.E.; Dearing, E.; Levine, J. Facilitating young children’s numeracy talk in play: The role of parent prompts.
J. Exp. Child Psychol. 2021, 207, 105124. [CrossRef]

247. Linder, S.M.; Emerson, A. Increasing family mathematics play interactions through a take-home math bag intervention. J. Res.
Child. Educ. 2019, 33, 323–344. [CrossRef]247.

https://doi.org/10.2307/749627
https://doi.org/10.14689/enad.25.7
https://doi.org/10.1007/s13394-021-00402-w
https://doi.org/10.1007/s11199-011-0100-8
https://doi.org/10.7251/NSK2201119B
https://doi.org/10.1002/icd.2010
https://doi.org/10.1037/dev0001515
https://www.ncbi.nlm.nih.gov/pubmed/37053388
https://doi.org/10.24130/eccd-jecs.1967202041204
https://doi.org/10.1016/j.ecresq.2018.06.010
https://doi.org/10.1080/15248372.2018.1483371
https://doi.org/10.1016/j.jecp.2021.105124
https://doi.org/10.1080/02568543.2019.1608335
https://doi.org/10.1016/j.ecresq.2022.11.002
https://doi.org/10.1016/j.ecresq.2020.09.003
https://doi.org/10.3389/fpsyg.2020.547626
https://www.ncbi.nlm.nih.gov/pubmed/33362620
https://doi.org/10.1016/j.appdev.2020.101136
https://doi.org/10.1007/s10643-022-01406-2
https://www.ncbi.nlm.nih.gov/pubmed/36339524
https://doi.org/10.1016/j.ecresq.2007.03.002
https://doi.org/10.3102/00028312032003465
https://doi.org/10.1080/00405849509543675


View publication stats

https://doi.org/10.7916/jmetc.v10i1.1668
https://doi.org/10.1080/00405849209543534
https://doi.org/10.3102/0013189X12441244
https://doi.org/10.2307/749244
https://doi.org/10.1111/ssm.12247
https://doi.org/10.1207/S15327671ESPR0601-2_7
https://doi.org/10.1080/1554480X.2013.768518
https://doi.org/10.1007/s10643-014-0651-8
https://doi.org/10.1080/15210960903028784
https://doi.org/10.1007/s10643-023-01466-y
https://doi.org/10.1016/j.ecresq.2018.11.007
https://doi.org/10.1007/s10643-009-0345-9
https://doi.org/10.1080/09669760500446374
https://doi.org/10.1002/trtr.1652
https://doi.org/10.1007/s11092-008-9066-7
https://www.researchgate.net/publication/373196418

	Importance of Early Childhood Math and the Need for High-Quality Pedagogy 
	Useful Evidence 
	Children’s Learning with Different Approaches to Teaching 
	General Teaching Approaches for Different Goals 
	Teaching for Relational Understanding: Confronting the Dichotomies 
	Intentional Teaching and the Central Role of Children’s Thinking and Learning 
	Formative Assessment 
	Group Size and Structure 
	Math Talk Discussions and Connections 
	Adapting Activities and Implementation of Research-Validated Approaches and Curricula 
	Thoughtful Examples and Non-Examples 
	“Concrete” Manipulatives for “Abstract” Ideas 
	Practice 
	Affect, Motivation, and Engagement 
	Collaboration with Families 

	Ensuring Pedagogy Represents Children from Culturally and Linguistically Diverse Backgrounds 
	Culturally Responsive Classroom Environments 
	Funds of Knowledge 
	Critical Reflection: High Standards and Warm Demanders 
	Learning about Math in Students’ Homes 
	Children, Parents, and Caregivers as Experts in the Classroom 
	Learning about How Math Is Taught in Other Cultures and Countries 

	Caveats 
	Final Words 
	References

